Integrals and Natural Logarithms #6 - Solutions
Farr 2013

Pat Rossi Name

1. Compute: [ (32° +5a?* — 622 + 2\/z) dv =

(Re-write) [ (3x6 + 5zt — 622 + 2x%> dz =3 {%

l\?\w‘ Wl

J+a[s] -o[s] 42|

|+c

=%x7+x5—2x3—|—%$%+0

ie., [ (320 + 5a* — 622 + 2y/x) do = 327 + 2° — 22° + %x% +C
Don’t forget the “4C”

2. Compute: [ (4sec(z)tan (z) — 8csc(z) cot (z)) dw =

J (4sec (z) tan (z) — 8 csc (z) cot (z)) dz = 4 [sec (z)] — 8[—csc (z)] + C

Le., [ (4sec(z)tan (z) — 8csc(z) cot (z)) dw = 4sec (z) + 8csc (x) + C
Don’t forget the “4C”

3. Compute: f;:_zl (42% — 822 + 2) dw =

4 3 r=2 —
fj::_21 (42° — 82% + 2)do = [4 (z ) -8 (a;)) + 2:10} = {x‘l - §x3 + 24
—_— =1

f(=)




4. Compute: [ (3sin(z) + 5)° cos (z) da

1. Is u-sub appropriate?

a. Is there a composite function?
Yes! (3sin (z) 4 5)° (A function raised to a power is always a composite function!)
Let u = the “inner” of the composite function
= u = (3sin(z) 4+ 5)

b. Is there an (approximate) function/derivative pair?

Yes!  (3sin(z)+5) — — — — — cos (z)
| ~——
function deriv

Let u = the “function” of the function/deriv pair

= u = (3sin(z) + 5)
c. Is the “function” of the function/deriv pair the same as the “inner” of the composite function?

(i.e., do criteria a and b suggest the same choice of u ?)

Yes! = u-substitution is appropriate

2. Compute du

u = 3sin(z)+5
=49 = 3cos(z)
=du = 3cos(z)dx

= idu = cos(z)dzx

3. Analyze in terms of u and du
[ (3sin (z) + 5)°cos () dz = Juiidu =3 [uPdu
—_——
u® Ldu

3

4. Integrate (in terms of u).

1 _ 1 |a® _ 1,6
L[ wbdu =1 [%)] +C=Lub+C
5. Re-express in terms of the original variable, x.

[ (3sin (z) + 5)° cos (z) do = % (3sin (z) +5)° + C

Lus+C

ie., [ (3sin(z) +5)° cos (z) dz = & (3sin (z) +5)° + C




5. Compute: [cos(2z +1) dz =

1. Is u-sub appropriate?

a. Is there a composite function?

Yes!  cos(2z+1)
/ AN

outer inner
Let w = the “inner” of the composite function

u=2z+1

b. Is there an (approximate) function/derivative pair?

PPPPP09?

c. Is the “function” of the function/deriv pair the same as the “inner” of the composite function?
(i.e., do criteria a and b suggest the same choice of u ?)
No — we don’t see an (approximate) function/derivative pair.

Nevertheless, we will proceed, based on the recommendation of Criterion a. (Note: Since
Criterion b was not satisfied, u-substitution may not work.)

2. Compute du

u = 2x+1
=du = 2
=du = 2dx

= %du = dx

3. Analyze in terms of v and du

Jcos 2z +1) dx, = [cos(u) 3du =% [ cos(u)du
—_—

cos(u) du
4. Integrate (in terms of u).
1 [ cos (u) du = 3 [sin (u)] + C = }sin (u) + C

5. Re-express in terms of the original variable, x.

1
Jcos(2z+1) do = isin(2z+1)+0

3 sin(u)+C

ie., [cos(2z+1) dz=1isin(2z+1)+C

Remark: It turns out, that we really DID have an (approximate) function/derivative pair.
Jcos(2z +1) do = is the same as [ cos (2z + 1) - 1dx

Our (approximate) function/derivative pair is: (2e +1) — — — — — 1
——— ~~

function deriv



2x+1 d —

6. Compute: 322137

2x+1 _ 1
srrasdr = [ goss 2o+ 1) do

re-write

Remark: Note that we have an approximate function/derivative pair, with the “function” in the
denominator. This usually indicates that u-substitution is appropriate, with the result being a natural
logarithm.

1. Is u-sub appropriate?
a. Is there a composite function?

Yes! is the same as (3x2 + 3:1:)71 , s0 it is a function raised to a power.

1
32243z
Let u = the “inner” of the composite function
= u=32%+3z
b. Is there an (approximate) function/derivative pair?
Yes! (32° +3z) ———— = 2z + 1)
—_—— ——
function deriv

Let u = the “function” of the function/deriv pair

= u=32%+3z
c. Is the “function” of the function/deriv pair the same as the “inner” of the composite function?

(i.e., do criteria a and b suggest the same choice of u ?)

Yes! = u-substitution is appropriate

2. Compute du

u = 32°+3z
=d = 63+3
=du = (6z+3)de

=idu = (2z+1)da

3. Analyze in terms of v and du

1 11 1 1

1
zdu

g =

4. Integrate (in terms of u).
[ idu=3iul+C

5. Re-express in terms of the original variable, x.

1
Tty de = 3132”4 32|+ C

% Injul+C

ie, [ Sigiéwdx = %ln 3z2 + 3a:| +C




7. Compute: - [In (csc (z) 4 4)] =

1

[ (esc () + 4)] = @1 (= csc (z) cot (z)) = —%
P w_/ g/(x)
2 [In(g(2))] &

ie., % [In (csc (x) +4)] = — csclz) cot(z)

csc(z)+4

8. Compute: - [In (523 — 222)] =

% [ln (53@3 — 23?2)] =

1
523 — 2 5x3—2x2 ~ b5xr2—2zx

1= [In(g(=))] 1 g’ (x)

5 (15952 — 43;) _ 15z’ —4z _ 15z—4
——

e [ (50 —207)] = J = et

oo 4 n(/25)] - [ (42) )]

Remark: We can compute this derivative directly, in it’s current form, but it would be much easier
to use the algebraic properties of natural logarithms to simplify the expression first.

£ (&) - & [ (Ga)] - & [ o0 e

In(a™) =nln(a) ln(%) =In(a)—In(db)

NOW we’re ready to compute the derivative!

£ ((£2)")] = £ B e - - meoswn)] -

a [(In (22 = 1) —In (cos (2)))]

=1 |20 oy (msin ()] = g+ 1 = o L tan (o)

e, ik [ (\/2)] = s + 558 = o5 + Stan ()




10. Compute: f;:ol (32 —1)* da

1. Is u-sub appropriate?
a. Is there a composite function?
Yes! 3z —1)* (A function raised to a power is always a composite function!)
Let u = the “inner” of the composite function
=u=3z—1)
b. Is there an (approximate) function/derivative pair?

c. Is the “function” of the function/deriv pair the same as the “inner” of the composite function?

(i.e., do criteria a and b suggest the same choice of u ?)

No — we don’t see an (approximate) function/derivative pair.

Nevertheless, we will proceed, based on the recommendation of Criterion a. (Note: Since

Criterion b was not satisfied, u-substitution may not work.)

2. Compute du

u = 3zx—1
=du = 3
=du = 3dx

= %du = dzx

When 2 =0, u=32x—-1=3(0) -1
Whenz=1,u=3z—-1=3(1)—-1=

3. Analyze in terms of v and du

IS

=0 u=-—1

fl:l 3z —1)" do = fu:2 ut - tdu=1 Y= uddu

1
ut zdu

Don’t forget to re-write the limits of integration in terms of u!

4. Integrate (in terms of u).

u=—1

3 v=2 it du = 3 {“—5]“:2 =1 [u‘r’],uzz _ 1 (2)° - 1 (-1)° =L (32— L (-1)=32=

ie., ;:01 Br—1)de=3 =1

Remark: It turns out, that we really DID have an (approximate) function/derivative pair.

f;:ol (32 — 1) dz = is the same as ff:ol 3z —1)* - 1dx

Our (approximate) function/derivative pair is: 3z —1) — — — — — 1
———
function deriv



