MTH 3318 Test #1 - Solutions
FAaLL 2023

Pat Rossi Name

Instructions. Fully document your work.

For problems 1 - 2 prove one using Mathematical Induction.

1.143+5+...+(2n—1) =n?
Le. >0 (20— 1) =n? (This is P (n))
Proof.
Step #1: Show that P (n) is true for n =1
S (2i-1)=(2(1)-1)=1=(1)? True.
Step #2: Assume that P (n) is true for n = k, and show that P (n) is true for n = k+1
i.e., Assume that Zle (2i — 1) = k? for some natural number %k, and show
that >0} (20 — 1) = (k+1)?
Observe:

i —1)+Q2Kk+1)—-1)=k+2(k+1)-1)

J/

E

> (2i-1) =

1

(.
Il

by IIldllCtiO}l’HypOthCSiS
=k +2k+1=(k+1)°
fe, SN (2 —1) = (k+1)°

Hence, >, (2i — 1) = n? for all natural numbers, n. B



1,1 1 _
2. i3t aster T T G T o
. n 1 n ..
e Y iy GO = eI (This is P (n))

Proof.

Step #1: Show that P (n) is true for n =1

1 1 _ 1 _1_ _ @
>ie1 i@ - CO-DEOLD 3 2041 True.

Step #2: Assume that P (n) is true for n = k, and show that P (n) is true for n = k+1

i.e., Assume that Z o 1)1(% i 2k "7 for some natural number £, and show that

Zk+1 1 _ k41
i=1 (2i—1)(2i+1)  2(k+1)+1

k1 _ k+1
Le., D it @i—1)( 2z+1) = 2%+3

Observe:

k+1 1 _ k 1 1
Zizl (2i—1)(2i4+1) — Zizl (2i—1)(2i+1) + (2(k+1)—1)(2(k+1)+1)

k

et T (2k+1)(2k+3 (by Induction Hypothesis)

k. 2k43 1 2k%+3k+1

2k+1  2k+3 | (2k+1)(2k+3) _ (2k+1)(2k+3)

_ @E+D(k+D) _ (k+D)
= @k+D)(2k+3) — (2k+3)

k41 _ k1
ie, > 0 (2i—1)( 2z+1) — 2k+3

Hence, > 7, o 1)1(2Z,+ 5 = 57 for all natural numbers, n. B



For problems 3 - 5 prove one using Mathematical Induction.

3. 145+9+...+(4n—3)=2n>—n
le, Yo' (4i—3)=2n*>—n (This is P (n))
Proof.
Step #1: Show that P (n) is true for n =1
S (4i-3)=4(1)-3=1=2(1)" (1) True.
Step #2: Assume that P (n) is true for n = k, and show that P (n) is true for n = k+1
i.e., Assume that S°F | (46 — 3) = 2k — k for some natural number k, and show that
S (i—3)=2(k+1)*— (k+1)
Equivalently, show that ijll (4i —3) =2k + 3k +1

Observe:

(4i —3)+4[(k+1)—3] = (2k* — k) +4[(k+1) — 3]

E

Zf;l (4i - 3) =

1

(.
Il

J/

by Inductio‘n’Hypothcsis
= (2k*—k)+4k+4-3
=2k 4+ 3k +1
fe, M (40 —3) =2k + 3k + 1

Hence, Y 1" | (4i — 3) = 2n* — n for all natural numbers, n. W



4. 124224324+ 4+ n?2=

n(n+1)(2n+1)
6

fe. Yor 2 = Metlntl) (This is P (n))

Proof.
Step #1: Show that P (n) is true for n = 1.
S =12 =1 = QIR0 True.

Step #2: Assume that P (n) is true for n = k,and show that P (n) is true for
n=*k+1.

i.e., Assume that Zz 2= M and show that Zkﬂ 2 _ (k+1)[(k+1)4(;1}[2(k+1)+1}'

i.e., show that >\ % = w

Observe:

S 2 ZZ b+ 1) _ k(E+ 1)6(% +1) (k4 1) = Mk | 6(k-é—1)2

J/

~
by Induction Hypothesis

k(1) (2k+1D)+6(k+1)? _ k(k+1)(2k+1)+6(k+1)" _ (k+1)[k(2k+1)+6(k+1)]
6 6 6

(k+1)[2k2+7k+6] (k1) (k+2)(2k+3)
6 - 6

ie. Zk—s—l 2 k+1)(k-z2)(2k+3)

n .2 n(nt+l)(2n+1)
Hence, Y " i* = T VneN®R



5.8 <134 2%+ 3% + ... + 7 all natural numbers, 7. (This is P (n))

Proof.

Step #1: Show that P (n) is true for n = 1.

4
ie., % <13 True.

Step #2: Assume that P (n) is true for n = k,and show that P (n) is true for
n==rk+1.

i.e., Assume that & < 1% 423+ 3% + ... + &

a,ndshowthat%<13+23+33+...+(l§+1)3

Remark: Our argument may be easier to follow if we “swap the sides” of the inequality.
4
(i.e., if we show that: 13 +23 + 33 + ... + (k +1)° > &)
5 k* 3 4
Observe: 1°+2°+3*+ .. + & +(k+1)° > Z+(l<:+1) =54 (k* + 3k* + 3k + 1)

N J/

~
By our induction hypothesis

3 2
gt A(RPH3R243R+1)  pa 4k8 L 1ok 110k > KRS 16k 4k 1 _ (k+1)*
it 2 2 = 4

- 4

e, 13428+ 3 44 (k4 1)° > G0



For problems 6 - 7, prove one using Mathematical Induction:

6. n(n+ 1) is divisible by 2 for all natural numbers, n. (This is P (n))

Proof.

First, note that a natural number n is divisible by 2 if there exists a natural number
m such that n = 2m

Step #1: Show that P (n) true for n = 1.

1(H)+1)=2=2-1

Thus, n (n + 1) is divisible by 2, for n = 1.

fe, 1((1)+1)=2=2-1 True.

Step #2: Assume that P (n) is true for n = k, and show that P (n) is true for n = k+1

i.e., Assume that k (k + 1) is divisible by 2, and show that
(k+1)[(k+ 1)+ 1] is divisible by 2.

i.e., Assume that k (k + 1) = 2m, and show that
(k+ 1) (k + 2) is divisible by 2.

Observe: (k+1)(k+2)=(k+1)k+(k+1)2=Fk(k+1)+2(k+1)=2m+2 =

by Ind. Hyp.
2(m+1).

ie, (k+1)(E+2)=2(m+1).
ie., (k+1)(k+2) is divisible by 2.

Hence, n (n + 1) is divisible by 2 for all natural numbers, n. B



7. Given that - [2°] = 0and L [2'] = 1, show that L [z"] = na""". (This is P (n)).

You may use the product rule: L [f (z) g (z)] = f' (z) g (z) + ¢ (z) f ().

Proof.
Step #1: Show that P (n) is true for n = 1.

L) =1=2"=2""" True.

Step #2: Assume that P (n) is true for n = k, and show that P (n) is true for n = k+1
i.e., Assume that - [2*] = k2! and show that £ [2"+!] = (k + 1) 2(*FD~1

i.e., show that L [2FH1] = (k + 1) 2*

Observe:
A [ghtl] = L gk g] = @ [2"] x—l—i[:c]xk = kbt 4+ 1 -ab
dzx dx @37 dx J —— ~—~

~~ Ind Hyp given
product rule

ie. AL [z"] = (k+1)a*

d

Hence, & [z"] = na""" for all natural numbers n. B



For problems 8 - 9, prove one using Mathematical Induction:

8. (1+x)" > 1+ nzx for any natural number n and any real number z > —1.
(This is P (n))

Proof.

Step #1: Show that P (n) is true for n =1

(I4+2)=1+z>1+ 1)z True.

Step #2: Assume P (n) is true for n = k, and show that P (n) is true for n = k + 1
i.e., Assume that (1 + a:)k > 1+ kz for some natural number %, and show that
QI+ >14+k+1D2

Observe:

(142" =0+ Q+2)>Q+ke) A +2) =1+ ka + x + ka?

/

~
by Induction Hypothesis

=1+ (k+Dz+ k2> >1+(k+1Da

ka2 >0
fe, I4+2)"' >14(k+1)z
Hence, (1 + x)" > 1+ nx for all natural numbers n and any real number 2z > —1 R
Remark: Our proof hinged on two subtle points:

First, since k is a natural number (hence greater than zero) and x? > 0 for ALL real
numbers z, it follows that kxz? > 0.

Second, since it is given that z > —1 (or equivalently, (1 4+ z) > 0), the direction of the
inequality, (1 + x)k > 1+ kz, is preserved when both sides are multiplied by (1 + z)
during the application of the induction hypothesis.



9. Given that |z1 4+ 22| < |x1] + |22| (the Triangle Inequality); Prove by induction that:
|z1 + 29 + 23 + ... + x| < |xq|+|22|+|23]+. . . A|2n| (the General Triangle Inequality).
(This is P (n))

Proof.
Step #1: Show that P (n) is true for n = 1.
21| < ] True.

Step #2: Assume that P (n) is true for n = k, and show that P (n) is true for
n==k+1.

i.e., Assume that |x; + xo + 23+ ... + x| < |21|+ 22| +|23| +. . . +|2k| and show that
’$1+x2+$3+---+$k+$k+1’ S |$1‘+‘£L’2|+‘I’3’—|—+’$k’+’$k+1’

Observe: |(z1 + 2o+ 23+ ... +x) + T < |v1+ 22+ 23+ ...+ 28| + |xk+1l

~
from Triangle Inequality

< lm| + @] + |ws + .+ || + [z,

TV
by Ind. Hyp.

Le, vy +mo+ a3+ ap + apga| w4 2| + lws] o+ ag] ol

Hence, |z +xo+ 23+ ...+ x,] < o1 + |22 + |2z3| + ... + |z,] for all natural

numbers, n. B



