MTH 3311 - Test #3 - Solutions
FAaLL 2018

Pat Rossi Name

Show CLEARLY how you arrive at your answers!

1. Find the general solution of the differential equation: y” + ¢’ = cos (z)
First, find the solution to the complementary equation y” + 1y =0
The auxiliary equation is m? +m = 0

=m(m+1)=0=my; =0 and my = —1
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This yields: y. = c1€% + coe ™% = c1€° + coe™

ie., Y. =1c1+coe™”

For the particular solution, we consider the original equation: y” + ' = cos ()

Since the right hand side of the equation is a linear combination of sines and cosines,
we imagine that the particular solution is also a linear combination of sines and cosines:

y, = Acos (x) + Bsin (z)
=y, = —Asin (r) + B cos ()
=y, = —Acos (z) — Bsin ()

Next, we plug these expressions for y,y', y” into the equation y” + ¢ = cos (z), and
solve for A and B.

This yields:

—Acos (z) — Bsin (z) + —Asin (z) + Bcos (z) = cos (z)
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= (—A — B)sin(z) + (—A + B) cos (z) = 0sin (z) + cos (x)

Comparing the coefficients of the different powers of sin (z) and cos (z) , we get:

- A - B =0 (Eq. 1)
- A + B =1 (Eq. 2)
— 24 = 1 (Eq. 3) (The sum of (Eq. 1) 4+ (Eq. 2)

From Eq. 3, we get: A = —%



Plugging A = —% into Eq. 2, we get: B = %
Hence, y, = —3 cos () + 5 sin (z)

The solution to the original equation is: y = vy, + .

=y = —1cos(z)+ 5sin () + ¢c1 + c2e™®




2. Find the general solution of the differential equation: y” — 9y = €3¢
First, find the solution to the complementary equation y” — 9y = 0
The auxiliary equation is m? —9 =0
=m?>—9=0=(m+3)(m—3)=0=m; =-3and my =3
This yields: y. = c1e73% + coe®®
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For the particular solution, we consider the original equation: y” — 9y = ¢

Since the right hand side of the equation is an exponential function, we imagine that
the particular solution is also an exponential function:

yp = Ae®

Oops! This is one of the independent solutions of the complementary solution.
To remedy this situation, we multiply by z.

=y, = Axe®”

=y, = Ae®* + 3Aze®

=y = 3Ae* + 3Ae* 4 9Aze>”

Le., y, = 6Ae3% + 9Azed”

To find A, we plug these into the original equation, y" — 9y = €37,

This yields:

\6Ae3JC + 9Axe3”; -9 (Axe?’””) = 3%
;; \—3/—/
y

= 6Ae3" = &3
=6A=1

1
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Hence, y, = e

The solution to the original equation is: y = y, + y.

=y = cxe¥ + e + cpe™”




3. Find the general solution of the differential equation: y” + y = csc?x
First, find the solution to the complementary equation y” +y = 0
The auxiliary equation is m? +1 =0
=m?+1=0=m?=—-1=>m==i=m; =iand my = —i
Yo = C1™T 4 2€™2% = 1€ + cpe” " = Acos (v) + Bsin (x)
ie., y. = Acos(z) + Bsin (z)

Next, we find the particular solution.

Since the right hand side of the original equation is not a linear combination of sines,
cosines, exponentials, and polynomials, the method of Undetermined Coefficients won’t
work.

Therefore we must use Variation of Parameters.

We convert the complementary solution into the general solution by transforming the
parameters A and B into the functions A (z) and B (z), yielding:

y = A(x)cos(z) + B (x)sin (z)
We have two restrictions that we can impose on this pair of functions.

The first restriction that we impose is that the pair A (z), B (z) actually does make
the equation

y = A(z)cos(z) + B (z)sin (z) the general solution.

y = A(x)cos (z) + B (x)sin (z)
=y = A(z) (—sin (2)) + A’ (z) cos (z) + B (z) cos (z) + B (z) sin (2)
To simplify this expression, we impose our second restriction:

A (z)cos (z) + B (z)sin (z) =0 (Eq.1)
=y = —A(2)sin (z) + B (z) cos (2)
= " = —A(z)cos () — A’ (z)sin (z) + B (z) (—sin (z)) + B' (z) cos (z)
ie., " = —A(x)cos () — A (z)sin (z) — B (2)sin (z) + B' (z) cos (z)

We plug these into the original equation: y” + y = csc? (z)



This yields:

y" = —A(x)cos(x) —A'(x)sin(x) —B(x)sin(x) +B'(x)cos(x)
+ y = A(zx)cos(z) +B (z)sin (z)
— A’ (z) sin (z) +B' (z)cos () = csc? (z)

= — A (z)sin (z) + B’ (x) cos (z) = csc? ()

To eliminate one of these terms, we will use this equation in combination with Eq.1

—A' (z)sin(z) + B'(z)cos(x) = csc? (x)
tan (z) [A" (x)cos(x) + B (z) sig (233)] = tan(z)-0 (We multiplied Eq. 1
B’ (z) (TES((;:)) + cos (a:)) = csc(x) by tan ())

i.e., B (z) (M + cos (a:)) = csc? (z)

cos(x)
= B’ (z) (sin® (z) + cos? (z)) = csc? (z) cos (z)  (We multiplied both sides by cos (z))

= B’ (z) = csc (z) csc (x) cos (x)

—cot(z)
= B’ (z) = csc (z) cot (z)
= B (z) = [ csc(z) cot (z) de = —csc(z) + ¢
i.e., B(x)=—csc(z)+c
To find A (x), we substitute B’ (z) = csc (z) cot (z) into Eq. 1 (Our second restriction)

= A’ (z)cos (z) + csc(x) cot (x)sin () =0
B'(z)

= A’ (z) cos (z) 4 cot (z) =0

= A’ (z)cos (z) = —cot (x)
= A’ (I’) - _sinl(z)
= A’ (z) = —csc(x)

= A(x) = — [csc(x)dx = Infesc (x) — cot ()] + ¢
ie., A(x) =1Inlcsc(z) — cot (x)] + ¢z
Our general solution is:

y = A(x)cos (z)+B (z)sin (x) = (In|esc (x) — cot (z)| + ¢2) cos (x)+(—csc (x) + ¢;) sin (z)



y = (In|esc (z) — cot (x)] + ¢2) cos (z) + (— csc (z) + ¢1) sin (x)

= In|csc (z) — cot (z)] - cos () — 1 + ¢y cos (x) + ¢ sin (x)




4. 2%y" + dxy’ + 2y = sin ()
First, find the solution to the complementary equation z2y” + 4xy’ + 2y = 0

Our strategy is to seek solutions of the form:

y=a*

=y =\t

=y =AA-1a* 2= (N - ))z*?

Plugging these into the complementary equation x2y” + 4xy’ + 2y = 0, we have:
22 (N2 = A) 222 + dzda? "t + 227 = 0

= (A = A) 2* +4hat + 222 =0

= (M=) +42+2=0

=N 4+304+2=0

= A+1)(A+2)=0

= A =—1; Ay =-2

Our complementary solution is:

Yo = 1M + cox™ = cia7 ! + con?

Next, we find our particular solution

Since the right hand side of the equation is not a linear combination of powers of =z,
the Method of Undetermined Coefficients will not work. We must use Variation of
Parameters.

Thus, we guess that:

y=A(z)x™ ' + B (z) 72, where the pair {A (z), B (x)} is any pair of functions that
make y = A (z) 271+ B (z) 272 the general solution to the original differential equation.

This is the first restriction that we impose on the pair {A (z), B (x)}.
We still have on restriction left to impose.

We will now compute the derivatives of y and plug them into the original equation:

2%y + 4y’ + 2y = sin (z).



y=A(zx)z '+ B(x)z?

y=A @)z ' —A@)z >+ B (z) x> —2B (z)z3

We now impose our second restriction: A’ (z)x~'+ B’ (z)272 =0
This results in:

=y =—-A(x)x2-2B(x)z?

=y =-A @)z 2 +2A(z)2™® - 2B (z) 2>+ 6B (z) z™*

To find A (z) and B (x) we plugy, v, y"into the original equation, z%y” + 4zy’ + 2y =

sin (z) .

This yields:

x2y" = —A'(z) +24(x)x"! 2B (z)z~'! +6B(z)x?
+4xy’ = —4A (z)x7! —8B (z) 72
+2y = +2A (z) 27 +2B (z) 272

o2y + 4y +2y = —A(x) —2B' (z)z™* = sin (z)

ie., —A' (z) —2B' (z)z ! =sin(z) (Eq. 1)

To eliminate one of the unknown functions, we rely on our second restriction: A’ (z)z~ '+
B (x)z™2=0

= A'(z)+ B (z)a~t =0

= A (z) = —B (z) 2!

= —A(z) =B (z)a~' (Eq. 2)
Plugging this into (Eq. 1), we have:
B (z)a~' — 2B’ (z) 2~ = sin («)
= —B' ()2~ = sin (2)

= B'(z) = —wsin(z) (Eq. 3)

= B(z) :—f:csin(:c)d:c:—f\xf/sin(:c)dx:— [uv — [ vdu]

= — [z (—cos(z)) — [ (—cos (z))dz] = zcos (z) — [ cos(z)dz
=z cos (x) — sin (x) + Cy

ie., B(x) =xcos(x) —sin(z) + Cy



To find A’ (z), recall, that from (Eq. 3), B’ (x) = —zsin ()
Plugging this into (Eq. 2), we have:
—A' (z) = —zsin (z)x™!
= A’ (z) = xsin (z) 27
= A’ (z) = sin (z)
= A(z) = —cos (z) + Cy
The solution to the original equation is:
y=A(x)z™ '+ B(z)a?
= (—cos(z) + C1)x~ ! + (z cos (z) — sin (z) + Cy) 72
= —cos(z)x '+ Ciz™t + xcos(x) 72 —sin (z) 272 + Cox 2
= —cos(z)x '+ Ciz™t + cos (x) 7! —sin (z) 272 + Cox 2

= —sin(z) 22+ Cra~ ! + Cor 2

The solution to the original equation is: y = —sin (z) 272 + Ciz™! + Cyzr ™2




