Integrals and Natural Logarithms #4 - Solutions
SPRING 2013

Pat Rossi Name

Instructions

Answers appear on the ANSWERS page. Solutions appear on the SOLUTIONS page.

1. Compute: [ (15z* + 1223 + 8z 4 3\/z + 2) do =

N1

5

(Re-write) [ <15x4 +122° + 8z + 3x% + 2) de =15 [%] +12 [””ﬂ +38 [2—2] +3 h] +2z+C

=32% + 324 + 422+ 225 + 20+ C

Le., [ (152 + 122% + 8z + 3v/@ + 2) dz = 32° + 32 + 422 + 222 + 22+ C
Don’t forget the “4C”

2. Compute: [ (4sin(z) + 3csc(z) cot (z)) de =

J (4sin (z) 4+ 3csc (z) cot (z)) do = 4 [— cos (x)] + 3[— csc (z)] + C

Le., [(4sin(x) + 3csc(z) cot (x)) de = —4 cos (z) — 3esc (z) + C
Don’t forget the “4C”

3. Compute: f;:g (622 + 9z + 1) do =

f;::(f (62° + 9z + 1)dz = [23:3 + ng + x] =
f(=) Fle) —
= {2 2)* + g (2)% + (2)} - {2 (0)® + g (0)*> +(0)| =36
F(2) F(0)




4. Compute: [ (52% + 10z + 2) Y(z+1)de =

1. Is u-sub appropriate?

a. Is there a composite function?

Yes! (5x2 + 10x + 2) 10 (A function raised to a power is always a composite function!)
Let w = the “inner” of the composite function

= u = (5bz? 4 10z + 2)

b. Is there an (approximate) function/derivative pair?

Yes! (52 +102 +2) — — — — = (z+1)
| — ——
function deriv

Let u = the “function” of the function/deriv pair

= u = (52? + 10z + 2)
c. Is the “function” of the function/deriv pair the same as the “inner” of the composite function?

(i.e., do criteria a and b suggest the same choice of u ?7)

Yes! = u-substitution is appropriate

2. Compute du

u = 52?4102 +2
=4 = 10z +10
=du = (10z+10)dz

= i5du = (z+1)dz

3. Analyze in terms of u and du

[ (52° 4102 +2) (@ + 1) do = [u'0kdu = & [udu
N —

10 L
u 75 du

4. Integrate (in terms of u).
w5 [utldu =& {“1—111} +C = putt+C

5. Re-express in terms of the original variable, x.

[ (52 + 10z +2)" (& + 1) do = 1—10 (52° + 10z +2)"" +C

1,11
ou!t+C

ie, [ (5224102 +2)" (z+ 1) de = 5 (522 + 10z +2)"' + C




5. Compute: [ cos (8x3 + 3x2) (43:2 + a:) dx =

1. Is u-sub appropriate?

a. Is there a composite function?

Yes!  cos (8$3 + 3x2)
/! AN

outer inner
Let w = the “inner” of the composite function

= u = 823 + 322

b. Is there an (approximate) function/derivative pair?

Yes! (8:1:3 + 3z2) ————— (4x2 + m)
—— S——
function deriv

Let u = the “function” of the function/deriv pair

= u = 827 + 322
c. Is the “function” of the function/deriv pair the same as the “inner” of the composite function?

(i.e., do criteria a and b suggest the same choice of u ?)

Yes! = u-substitution is appropriate

2. Compute du

u 83 + 322
= % = 2422 + 6z
=du = (24332 + 6x) dx
= %du (412 + x) dx

3. Analyze in terms of v and du

[ cos (82° + 327) (42® + z) dz = [ cos (u) 2du = % [ cos (u)du

cos(u) sdu

4. Integrate (in terms of u).
L [cos (u) du = £ [sin (u)] + C = £sin (u) + C

5. Re-express in terms of the original variable, x.

J cos (82 + 3x2) (422 + ) dz = %sin (8x3 + 3m2) +C

& sin(u)+C

i.e., [cos (82® + 32?) (42® + z) dw = § sin (82° + 32?) + C




6. Compute: [ _Cos@)_ g =

cos(x)
f sin(x)+5

sin(z)+5

_ 1
dx \7/ f sin(z)+5 COS (1‘) dx

re-write

Remark: Note that we have an approximate function/derivative pair, with the “function” in the
denominator. This usually indicates that u-substitution is appropriate, with the result being a natural
logarithm.

1. Is u-sub appropriate?

a. Is there a composite function?

Yes! is the same as (sin (z) +5) ", so it is a function raised to a power.

1
sin(z)+5
Let u = the “inner” of the composite function
= u = (sin (z) + 5)

Is there an (approximate) function/derivative pair?

Yes! (sin(x) +5) — — — — — cos ()
— S——
function deriv

Let w = the “function” of the function/deriv pair

= u = (sin (x) + 5)
Is the “function” of the function/deriv pair the same as the “inner” of the composite function?

(i.e., do criteria a and b suggest the same choice of u ?)

Yes! = u-substitution is appropriate

2. Compute du

u = sin(z)+5
=du = cos(z)
=du = cos(z)dz

3. Analyze in terms of u and du

J

1
sin (z) +5

w{

cos (z) dz = [ Ldu
—_————

du

4. Integrate (in terms of u).

[Ldu=Inlul+C

5. Re-express in terms of the original variable, x.

J

sin(z)+5

8@y = In|sin (z) 4+ 5| + C

In|u|+C

ie., [ gy — Inlsin (z) + 5| + C

sin(x)+5




7. Compute: % [In (sec (x))] =
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2 in see ()] = ——

2 In(g(x)] e g
ie., < [In(sec (z))] = % = tan ()

8. Compute: % [hl (10x3 — 822 + 4x)} =

d 3 2 1 2 3022 —162+4 1502 8042

I [ln (101‘ — 8z + 4x)] = 1055 — 82 T 4a . (3036 — 16z + 4) _ 10;%78902:1435 _ 5$3174w2z+2w
i In(g(2))] - g'(2)

i d 3 2 _ 3022—16244 _ 1522—8x42

Le., 7= [ln (10z — 8z +4:c)] = 10;_82?2:?43? — 5-”£3w—4.'1:2$-:_2m

9. Compute: % [ln( %)} =

Remark: We can compute this derivative directly, in it’s current form, but it would be much easier
to use the algebraic properties of natural logarithms to simplify the expression first.

£ () ] = £ [hm (2] = 2 [E o) i) -

In(am) =nln(a) In(¢) =1n(a)—In(b)

£ n (22) — In (sin (2))]

T

N~

NOW we're ready to compute the derivative!

1

4 {ln [(SHT;I))QH = 14 [In(2?) —In(sin(z))] = % Lﬂ% (2z) — ﬁcos (m)} =1 (i—;” - Z?;((;))) =




10. Compute: f;:_ll (z° + 1)3 ztdr =

1. Is u-sub appropriate?
a. Is there a composite function?

Yes!  (z° + 1)3 (A function raised to a power is always a composite function!)
Let w = the “inner” of the composite function
=u=(z°+1)

b. Is there an (approximate) function/derivative pair?

Yes! (x5+1)—————> z?
—— —~
functi deriv

unction

Let u = the “function” of the function/deriv pair

= u= (w5 + 1)
c. Is the “function” of the function/deriv pair the same as the “inner” of the composite function?

(i.e., do criteria a and b suggest the same choice of u ?)

Yes! = u-substitution is appropriate

2. Compute du

u = z°+1
= % = bt
=du = bztdz

= %du = 2tdx

Whenz=—-1,u=2%+1=(-1)°+1=0
Whenz=1,u=a2"4+1=(1)°+1=2

3. Analyze in terms of v and du

J2N @4 ) et de = [0 ddu = § [0 v du

u3 sdu
Don’t forget to re-write the limits of integration in terms of u!

4. Integrate (in terms of u).

- u=2 1 1
1 pu=2 1wt 1 u=2 4 4 _ 4
5 Jumo wWiu =3 {TLZO =25 (Um0 = 35 — 550" =3
N—
F(2) F(0)

ie., ff::_ll («° + 1)3 atde =2




