MTH 3311 Test #3 - Solutions
SPRING 2020

Pat Rossi Name

Show CLEARLY how you arrive at your answers
1. Find the general solution of the equation: y” + 3y’ — 4y = 2sin (z) + 4 cos (x)

First, find the solution to the complementary equation y” + 3y’ — 4y =0
The auxiliary equation is m? +3m —4 =0
=m?+3m—-4=0=>m—-1)(m+4)=0=m; =1and my = —4

= Yo = c1™MT + cpe™?* = c1e!® 4 coe 4

i.e., Yo = c1e” + coe™ 4

For the particular solution, we imagine that y, = Asin (z) + B cos (x)

Yy, = Acos (z) — Bsin (z)

y, = —Asin (z) — B cos (z)

To find A, B and C, we plug these into the original equation, y” + 3y’ — 4y = 2sin (z) 4+ 4 cos ()
This yields:

(—Asin (z) — Bceos (2)) + 3 (Acos (z) — Bsin (z)) — 4 (Asin (z) + Bcos (x)) = 2sin (x) + 4 cos (x)

y' 3y’ 4y
= (=5A —3B)sin(x) + (34 — 5B) cos (z) = 2sin (x) + 4 cos (x)

Comparing the coefficients of sin (x) and cos (x), we get:

-5A4 — 3B = 2 (Eq. 1)
3A — 5B = 4 (Eq. 2)
- ¥B = 2 (Eq 1+ Eq.2)
R
i.e. B= —%

Plugging B = — 12 into Eq. 2, we get: 34 — 5 (—12) =4

65\ __ 65 __ 68 65 __ 68 _ 3
=34+ (8)=4=234+8=8=34+8=-08-34=3

_ 1
:>A_1—7

Hence, y, = - sin (z) — 12 cos (z)

The solution to the original equation is: y = y, + y.

=y = &sin(z) — 2 cos(z) + c1e” + coe™




2. Find the general solution of the equation: 3" — 6y’ + 9y = 422 + 32 — 9
First, find the solution to the complementary equation y” — 63’ + 9y =0
The auxiliary equation is m? —6m +9 =0
=m?—6m+9=0= (m—3)(m—3)=0=m; =3 and my = 3 (Double Root)

In this case, y. = c1e™% 4+ ce™® = c1e3” + ce3® won’t work, because the two terms are not
independent solutions.

To remedy the situation, we multiply the second term by x.

This yields: y. = ¢1€3* + cpze3®

Since the Right Hand side of the original equation is 4x? + 3z — 9, we imagine that:
yp, = Az? + Bz + C

y, =2Az+ B
Yy, =2A

To find A, B and C, we plug these into the original equation: y” — 6y’ + 9y = 422 4+ 3z — 9
This yields:

2A —6(2Az+ B)+9(A2® + Bz +C) =4a?+ 3z -9
~~

"

Yy 6y’ 9y
= 9A2? — (124 —-9B)z + (2A - 6B +9C) = 42> + 32 — 9

Comparing the coefficients of the different powers of =, we get:

94 = 4  (Eq 1)
~124 + 9B = 3 (Eq2)
2A - 6B + 9C = -9 (Eq. 3)

From Eq. 1, we get: A = g

Plugging A = § into Eq. 2, we get: =12 (3) +9B=3=9B =34+ L =9B=2=2 = B=2

9 — 3 27
: _ 25
ie, B=35
gglgginglsAz 3 and B = 22 into Eq. 3, we get: 2(3) =6 (22)+9C=-9=9C=-9-34+ 5 =
=73
: _ 13
ie, C=—3
Hence, y, = %x2 + %m - %

The solution to the original equation is: y = vy, + yc

__ 4,2 25, 13 3z 3z
=Y =3 —|—27x 27+cle + coxe




3. Find the general solution of the equation: y” — 4y + 20y = €3*
First, find the solution to the complementary equation y”’ — 4y’ + 20y =0
The auxiliary equation is m? — 4m + 20 = 0

I don’t think that I can factor this, so I'll use the quadrativ equation:

m = —(—4)i\/((g;1()f)—(wz 4i¢1;3—WZ 4i‘ém:%:2i4i

mi1=2+41 and mo =2 — 44

Yo = CLEMT 4 ¢peM2T = ) AT | 0 o(2di)e — o 2etdin | o) 20—din _ o 2w odin | ) 020 p—diz
= €% (c1e*" + cpe™ %) = €2 (A cos (4z) 4 Bsin (4x))

ie., y. = €2 (Acos (4x) + Bsin (47))

Next, we find the particular solution.

Since the Right Hand side of the original equation is e3?, we suspect that:
yp = Ae®”

y, = 3Ae”

Yy = 9Ae>

Plugging these into the equation y” — 4y’ 4+ 20y = €3* we have:

(9A4€%) — 4 (3¢®*) + 20 (e**) = €3®
—_— = =

y// 4?!/ 20y
= 17A=1
_ 1
= A=
_ 1.3
iyp—ﬁew

Our general solution is y = y, + y. = 1-€3* + Acos (z) + Bsin (z)

y =€ + ¥ (Acos (4z) + Bsin (4z))




4. Find the general solution of the equation: 4y” — 4y’ 4+ y = e2” In ()
First, we find the solution to the complementary equation 4y” — 4y’ +y =0
The auxiliary equation is 4m? —4m +1 =0
4m* —4m+1=0= (2m — 1) (2m — 1) = m; = my = 5 (Double Root)
To remedy the situation, we multiply the second term by x.
= Yo = c1™T 4 coxe™?? = 6162 + 021‘62’
ie., Yo = cle%‘” + CQxe%I
Next, we find the particular solution.

Since the right hand side of the original equation is not a linear combination of sines, cosines, expo-
nentials, and polynomials, the method of Undetermined Coefficients won’t work.

Therefore we must use Variation of Parameters.
We convert the complementary solution into the general solution: y = A (z) e2® + B (z) ze2®
We have two restrictions that we can impose on this pair of functions.
The first restriction that we impose is that the pair A (z), B (z) actually does make the equation
y = A(x)e2® + B (z) ze2® the general solution.
y=A(x)e” + B (z) ze3®
=y =A(z) ( 62“‘) + A (z)e2® + B’ (z) ze2® 4+ B (z) e2” + B (x) 23362’”

To simplify this expression, we impose our second restriction:

+1B(2) zes®
Rearranging the terms, we have:

y' = A(x) ( GZI) + B (z) ez + iB(2) e2T 4 iB(2) e2” 4 1B (2) zer® + 1 <A' (z) e2” + B/ (2) xe%1>

=0 (by Eq, 1)
Le.,y" = A(x) (411 e ) + B (z) e3® + B (z) e3® + 1B (z) ze3®

We plug these into the original equation: 4y” — 4y’ +y = 2% In (z)



4y = A(z)er® + 4B’ (z)e:® + AB(z)e2® +  B(x)ze:®
—4y = —2A(z)ez” — 4B(z)er® — 2B(z)zez”
y = At + Bla)uck
' -y +y = AB' (z)e2 e>"In (z)
Thus, we have: 4B’ (z) e2® = 2% In (z)
= B'(z) = 1In(2)
= B(z)=1[In(z)dz=1(zln(z)—z)+Cs
To find A (z), we refer to Eq. 1
= A (z)e2” + B (z) ze:” =0
A (z)+ B (x)x=0
= A (z)+1iln(z)z=0
= A'(z) = —1zln(z)
= Az f zln (z = Exz — fxz Inz 4+ C; (using Integration by Parts)

ie. A(z) = {c2? — g2’ Inz + Cy
Recall: Our general solution is: y = A (z)e2® + B () zez®
y=(%2? — ta’lnz + C) e3? 4 (3 (zIn(z) — z) + Cy) zes®

Simplifying, we have:

1 1 1 1
y=—2a%2" + Lol (z) e2” + Cre2” + Cowe2®




5. Find the general solution of the equation: z2y” — zy’ — 8y = 32> — 2z + 5
First, find the solution to the complementary equation z%y” — xy’ — 8y =0
Our strategy is to seek solutions of the form:
y==x
=9 = A*!
Sy =AA-1Da*2= (A =A)z2
Plugging these into the complementary equation z2y” — zy’ — S8y = 0, we have:
x? ()\2 — )\) 222 — g A — 822 =0
= (AQ—A):B’\—)\xA—SxA:O
= (A=) -1-8=0
=X\ -21-8=0
=A+2)(A—4)=0
=AM =-2; =4
Our complementary solution is:
Ye = claf‘l + Cg.’EAQ = cla:_Q + 62.134
Next, we find our particular solution
Since the right hand side of the equation is the polynomial 3z — 2z + 5, we guess that the particular
solution is a polynomial having only terms of the same degree that appear on the right hand side of
the original equation.
Thus, we guess that:
y=Ax®>+ Bx+C
=y =342+ B
=y" =6Ax
To find A, B and C, we plug these into the original equation, z?y” — zy’ — 8y = 32> — 2z + 5.
This yields:
2% (6Az) — z (3A2? + B) — 8 (Az® + Bx + C) = 3% — 22+ 5
= (6-3-8)Az3+(-1-8)Bx— (8)C =323 -2z +5
= -5A=3=>A=-3

And -9B=-2= B =

el V)

And -8C=5=C= -}

ot

Hence, y, = —22° + 22 — 2

)



The solution to the original equation is: ¥y = vy, + ye




