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Pat Rossi Name

1. Define - permutation

Let X be a non-empty set. A one to one and onto function f : X — X is called a
permutation of X.

2. Define - r-cycle (or cycle).

Suppose that 1, s, ..., 2., with 1 < r < n, are distinct elements of {1,2,3,...,n}. The
r-cycle (1, zs, ..., ,) is the permutation of S, that maps x; — z9,29 — 3,..., 2,1 —
z,, x, — x1, and leaves all other elements fixed.

3. Prove: Let S = {1,2,3,...,n} and let S,, be the set of all permutations f : S — S.
Furthermore, let o be the operation of function composition. Then (S, o) is a group.

pf/
i. The operation o on Sy is closed.

Let f,g € Sx. Then f o g € Sy, since the composition of one to one and onto functions on
a set X is also a one to one and onto function on X.

ii. 1x,the identity function on X, is the identity.

First, note that 1x € Sy, since 1x is one to one and onto.

Let f € Sx. Then (Lx o f) (x) = 1x (f (@)) = f(z) and (f o 1x) (&) = f (1 (2)) = f (x).
ie,lxyof=f=folyx

iii. Given f € Sy, f has an inverse.

Since every permutation f € Sx is one to one and onto, every permutation f € Sx has
an inverse f~! € Sx,which has the property that flo f=1x = fo f~L.

iv. o is associative, since the operation of function composition is, in general, associative.
Since (S, o) satisfies all of the group axioms, it is a group. B

4. Define - disjoint cycles

Two cycles are disjoint exactly when they do not “move” (or “act on”) the same element.
5. Define - transposition

A transposition is a 2-cycle. (i.e., a cycle that “moves” or “acts on” exactly two elements).



6. For Exercises 6-7, State two theorems about permutations.

Thm - Let f € S,,.Then there exist disjoint cycles fi, fa,..., fmm € Sy, such that f =
fio fao...o fi. (i-e., every permutation on {1,2,...,n} can be written as the “product”
(actually “composition”) of disjoint cycles. The order of these cycles is arbitrary.

7.

Thm - Every cycle can be expressed as the “product” of transpositions. (in the case of the
identity permutation, it can be written as (1,2) o (1,2))

Thm - A permutation can be expressed as the “product” an even number of transpositions

or an odd number of transpositions, but not both. This expression is not unique.

8. Perform the indicated operations in Sg
1 2 3 456 . 1 23456\
31 45 6 2 2136 45 )

Recall: We begin with the permutation on the right.

1 23 456 . 1 23456\ (123456
31 45 6 2 2 136 45) \13425°€6
Alternatively: We can combine this in one diagram
(123456)O<123456>_;?222?_(12345
31 45 6 2 21 3 6 45 134925 6 1 3425

(o> e



9. Express the permutation as a “product” of disjoint cycles and then as the “product” of
transpositions. Classify the permutation as being either even or odd.

1 23456738\

34216587,
Starting with 1, note that the permutation maps 1 to 3, 3 to 2, 2 to 4, and 4 back to 1. This
yields the cycle (1,3,2,4)
We continue with the leftmost element that was not “moved” by cycle (1, 3,2,4).

The permutation maps 5 to 6 and 6 back to 5. This yields the cycle (5,6) .

We continue with the leftmost element that has not been “moved” by the cycles (1,3,2,4)
and (5,6).

The permutation maps 7 to 8 and 8 back to 7. This yields the cycle (7,8).

12345678
s (535100 85 ) (132006000

The order of the cycles is arbitrary, since the cycles are disjoint.

The cycle (1,3,2,4) can be expressed as the product of transpositions according to the
following pattern:

(1,3,2,4) = (1,4) o (1,2) o (1, 3)

(@4) =(14(1,2-(13

ie., (1,3,2,4) = (1,4) 0 (1,2) o (1,3) (The order is fixed - it cannot be changed, since the
cycles are not disjoint.

123456 78
Thms,(3 419165 8 7)—£1,4)o(1,2)o(1,320(5,6)0(7,8)

—~
:(1?37214)

) 1 23 45 6 7 8
e (33010885 ) MDD E0MY

Since the permutation can be expressed as the “product” of 5 transpositions, it is an odd
permutation.
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10. Given (Us,®) = ({1,2,3,4},®), construct a group of permutations on Us that is
isomorphic to (Us, ®), and exhibit an isomorphism from (Us, ®) to this group.

By Cayley’s Theorem, every group (G, ) is isomorphic to a group of permutations on G,
with the operation being o (function composition).

The standard method of finding such a group of permutations on G is as follows:
For each element g € G, define the function f, on G as follows: f, (z) =g*z, Vo € G

Recall: the group table for (Us, ®) = ({1,2,3,4},0) :

©1]2]3]4
112734
(Us,©)=2 [[2]4]1]3
313[1]4]2
4 41372711

To construct a group of permutations on Us that is isomorphic to (Us, ®) :
For each element n € Us, define the function f,, on Uy as follows: f, (x) =nx*x, Vo € G.

Thus,
fi(x) =1z, for all z € Us

A)=1-1=1
A@R)=1-2=2
AB)=1-3=3
AA)=1-4=14

1
L= 1 2 3 4
! 1 2 3 4 < The row headed by 1 in the group table
2

fo(z) =2z, for all 2 € Us
fr1)=2-1=2
f(2)=2-2=14
f23)=2-3=
fo4)=2-4=

L1234
27241 3 + The row headed by 2 in the group table
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fs(x) =3z, for all z € Us
f3(1)=3-1=3
f2(2)=3-2=1
f3(3)=3-3=4
f3(4)=3-4=2
1 2 3 4

= Js = ( 31 4 2) «— The row headed by 3 in the group table
fi(x) =4z, for all z € Us
fi(l)=4-1=4
fi(2)=4-2=3
f1(3)=4-3=2
fi(4)=4-4=1

(123
7\ 4 3 2 1) < Therow headed by 4 in the group table

Computations will confirm the group table for ({ f1, f2, f3, fa} ,©), shown below:

of1]2]3][4 o |Alhalfs|ha
1[[1]2]3]4 L]l fs
Us,0)=2 21413 {fi.fosfssfa}o)= foll ol ul 1]l f5
3 3[1/4]2 L sl fa] o
4 1413|121 Ja|Ja| fs| f2| S

The functions ¢ : (Us, ®) — ({f1, f2, f3, fa},0) given by: ¢ (i) = f; transforms the group
table for (Us, ®) into the group table for ({f1, f2, f5, fa},0)

Clearly, the function ¢ : (Us, ®) — ({f1, f2, f3, fa} ,0) given by: ¢ (i) = f; is the isomorphism
that we seek.
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11. Consider the group (G, %) given in the table below:

*He‘a\b\c
ellelalb]|c
allale|c|b
blblclela
cllelblale

Construct a group of permutations on G that is isomorphic to (G, *), and exhibit an iso-
morphism from (G, %) to this group.

By Cayley’s Theorem, every group (G, *) is isomorphic to a group of permutations on G,
with the operation being o (function composition).

The standard method of finding such a group of permutations on G is as follows:
For each element g € G, define the function f, on G as follows: f, (z) =g*z, Vo € G
Recall: the group table for (G,*) = ({1,2,3,4},0) :

*He‘a\b\c
ellelalb]|c
allale|c|b
bilblc|lel|a
clclblale

To construct a group of permutations on G that is isomorphic to (G, *) :
For each element g € G, define the function f, on G as follows: f, (z) = g*z, Vo € G.

Thus,

fe(x) =e€-x, for all z € Us

. e a b c
© \e a b ¢ ) < Therow headed by e in the group table
Therefore, f, is the identity.



In similar fashion, f, (z) =axx

Thus
fule)=axe=a
fola)=axa=e
fod) =axb=c
folc)=axc=b

f, = e a b c
“® \a e ¢ b ) « Therow headed by a in the group table

In similar fashion, f, (z) = b* z,

Thus

fo(e) =bxe=0b
() = bxa—c
£ (B) = bwb—e
L) =bxc—a

f, = e a b c
>\ b ¢ e a ) « Therow headed by b in the group table
In similar fashion, f.(z) =cx*x

Thus:

= e a b c
c“\ecbace «— The row headed by c in the group table

Some sample computations:

e a b c e a b c e a b c
fbofb:(bcea)o(bcea)z(eabc>:fe
i'e'a fbofb:fe

e a b c e a b c a b c
fcofcz<cbae)o(cbae):< czbc):fe
ie., feofe=fe



The group tables for (G, *) and ({fe, fa, f5, fc} ,©) are given below:

#lefalb]c o | fe | Sal fo] fe
€ ela|b]c fe fe fa fb fc
a alelc|b fa fa fe fc fb
b blcle|a fb fb fc fe fa
c clblale fc fc fb fa fe

Key Observation: You may notice that the function ¢ : (G, %) — ({fe, fa, fo, fe},0), given
by ¢ (z) = f, transforms the group table for (G, *) into the group table for ({ fe, fa, fo, fc},0) -
Thus, the two groups are isomorphic and ¢ is the isomorphism that we seek.

12. We are given a group (G, ), and an element x € G. Given also that 2° = e and that

2% = e, prove that = = e.

pf/ The key here is to use the facts that:
i) (™)' = (&)™, where ! is the inverse of x, and (2") 'is the inverse of 2.
and
ii)el=e
Observe: ¢ = 123 = ¢! = (23) "
ie., (%) ' =e
Thus, 22 = e x 2% = ((m3)71 * x3> w22 = (@) T x(@Pxad) =@ xad =exe=c
ie,1?=c¢
Hence, (22)"' = ¢ also.

Thus, z = exx = ((:L’Q)il*lz)*33':(562)71*(1'2*1’):(552)71*5133:6*6:6

ie,r=cl



