MTH 4441 Exercises To study for Test #1 - Solutions
FaLL 2023

Pat Rossi Name

1. In each case below, determine whether * is a closed binary operation on the given set.
If it IS a closed binary operation, then determine whether it is commutative and/or
associative.

(a) (Z,*) where a*b=a+ b?
IS a closed binary operation on Z
NOT commutative. Given a # b, axb=a+b*> #b+a®>=bxa
NOT associative.
(axb)xc=(a+b*)*xc=(a+V)+c*=a+b*+c?
ax(bxc)=ax(b+c) =a+ b+ =a+b+2b+
(axb)*xc#ax(bxc)

(b) (Z,*) where a x b = a*b
IS a closed binary operation on Z
NOT commutative. Given a # b, a * b = a?b® # b?a® = bx*a
NOT associative.
(a%b)xc=a2b® xc= (a2b®)’ 3 = a*bSc?
ax(bxc)=axb*® = a2 (b23)® = a5
(axb)xc+#ax(bxc)

(c) (R,*) where a*b=

NOT a closed binary operation on R (e.g., 0 % 0 is undefined, and hence, 0 * 0 is
not assigned any element. So * is not even a binary operation!)

(d) (Z,*) where a*b= %

NOT a closed binary operation on Z (e.g., 0 * 0 is undefined, and hence, 0 * 0 is
not assigned any element. So  is not even a binary operation!)



(e) (Z, ) where axb=a+b—ab
IS a closed binary operation on Z
IS Commutative: axb=a+b—-ab=b+a—ba=bxa
ie,axb=bxa
IS Associative:
(axb)xc=(a+b—ab)xc=(a+b—ab)+c—(a+b—ab)c
=(a+b—ab)+c—ac—bc+abc=a+b+c—ab— ac—bc+ abe
ax(bxc)=ax(b+c—bc)=a+ (b+c—bc)—a(b+c—bc)
=a+b+c—bc—ab—ac+ abc=a+ b+ c— ab— ac— bc+ abc
e, (axb)xc=ax(bxc)
(f) (R,x) where axb=10
IS a closed binary operation on R
Is NOT Commutative: Given a #b, axb=b#a=bxa
ie,axb#bxa
IS Associative:
(axb)xc=bxc=c
ax(bxc)=axc=c
e, (axb)xc=ax(bxc)
(g) (S,*) where S ={—4,-2,1,2,3} and a *b = [}

Is NOT a closed binary operation on S. (e.g., 1 x (—4) = [4| =4 ¢ S, and hence,
1 % (—4) is not closed on the set 5)

(h) (S,*) where S ={1,2,3,6,18} and a* b= ab

NOT a closed binary operation on S. (6 x 6 = 36 ¢ S. Hence. the operation is
not closed on the set S.)



(i)

(S, %) where S = { [ Z Z } ca,b,e.de R} and * is matrix addition

IS a closed binary operation on S

IS Commutative: Given A = | “* 2 i B = bi by , we have:
az a4 b3 b4
a1+b1 a2+b2 bl+CL1 b2+a2
A+B [a3+b3 a4+b4] [bg"‘&g b4+a4] +

ie, A+ B=B+ A

IS Associative: Given A = { @ a2 ] ;B = { bi by ] ;O = [ “a G ] , we have:

as aq bg b4 C3 (4

<A+B>_’_C:|:a1+bl 002—1-52} [01 62}:{(a1+b1)+01 as + ba) + c2

(
as + b3 as + b4 C3 C4 (CL3 + bg) +c3 (CL4 + b4) + ¢y

- a1+(b1+01) a2+(b2+62> _ a; as b1+61 b2+02
o as + (bg + 03) a4 + (b4 + C4) as Qq b3 + c3 b4 + C4

— A+ (B+C)
ie., (A+B)+C=A+(B+C)

2. Let Z¢ = {0,1,2,3,4,5}, and let (Zg,®) be a group, where & is addition modulo 6.
Construct the group table.

ello[1]2]3]4]5
0 fJol1]2]3T4]5
111234150
2 [27314]5]0]1
33145012
4 450123
5 [5/0[1][2]3]4

3. In the group (Zg, @), what is the order of the element 27 What is the order of the
element 37

(i.e.,

0(2) =7 0(3)="7)

1.2=2,2.2=4:3-2=0; 0(2)=3

|
|



4. Construct the group table for (Z;, @) .

ello[1]2]3]4]5]6
0 Jol1]2]34[5][6
1112374560
2 273145601
3 3/4[5[6[0]1]2
4 [[4]5]6]0]1]2]3
5 |5/6[0[1]2]3]4
6 |6/0[1[2]3]4]5

5. Let Us = {1,2,3,4}, and let (Us, ®) be a group, where ® is multiplication modulo 5.
Construct the group table.

In (Us,®), the operation ® is multiplication modulo 5

©1]2]3]4
1 1]2]3[4
2 214113
3371142
4 41321

6. Construct the group table for (Us, ®).

In (Us, ®), the operation ® is multiplication modulo 3

©112
1 1]2
2 2|1

7. Construct the group table for (U7, ®).

In (U7, ®), the operation ® is multiplication modulo 7

2] |

CDOTHkC»Jl\’)H@
@OTH&C»J[\J}—‘t
Y W[ | O =N DN
A =] o] b o wol| wo
wawm»—nypz
[\DﬂkCD)—‘OOCﬂ;
N W | O O O




8. Construct the group table for (Us, ®) .

[ 4]

@%@M»—l@
QY = W[ DN | —
WO W O W W
DO | O N ||
N W | Ot Ot

(a) (Us,®) is NOT a group. Give at least two reasons why it is not a group

1. Ug is not closed under ®. For example: 2 ® 3 =0

2. None of the elements of Ug appear at least once in every row and in every
column. For example, 1 does not appear in the row headed by 2

3. The elements 2, 3, 4 appear more than once in some rows and columns. For
example, 3 appears three times in the row and the column headed by 3.

4. The elements 2, 3, 4 do not have an inverse. This can be seen by the fact that
the identity 1 does not appear in the rows and the columns that are headed
by 2, 3, and 4.

9. Construct the group table for (Uy, ®).

In (U, ®), the operation ® is multiplication modulo 4

©1]2]3
117273
2 127012
313]2]1

(a) (Uy, ®) is NOT a group. Give at least two reasons why it is not a group

1. Uy is not closed under ®. For example: 2© 2 =0

2. The elements 1 and 3 of Uy do NOT appear at least once in every row and in
every column. The elements 1 and 3 do not appear in the row or the column
headed by 2.

3. The elements 2 appears more than once in the row and column headed by 2.

4. The elements 2 does not have an inverse. This can be seen by the fact that
the identity 1 does not appear in the row and the column that are headed by
2.



10. Determine whether the table below defines a group for G = {a,b,c}. (State why or

11.

why not.)

* H a ‘ b ‘ c
alla|b]|c
b|bla]c
cllc|b|a

Since the elements b and ¢ each appear more than once in a column, the table does
NOT define a group

Clearly, a is the identity. Therefore, there should not exist another element x such that
xxc=c. And yet, bxc=c

Similarly, the element c is such that ¢« b =5

Determine whether the table below defines a group for G = {a,b,c}. (State why or
why not.)

*Ha\b\c
allal|b]c
bib|b|c
cllclc|c

This table does NOT define (G, *) as a group.

1. The elements b and ¢ appear more than once in the rows and columns headed by b
and c.

2. The identity a does not appear in any row or column headed by b or ¢, which
indicates that neither b nor ¢ has an inverse.



12.

13.

14.

15.

16.

17.

Determine whether the table below defines a group for G = {a,b,¢,d, e, f} . State why
or why not. (You may assume that the operation x is associative.)

salblc|dfe]|f
alla|blc|d|e]|f
bib|d|f|a|c]|e
cllc|f|blelald
diidla|e|Db|f |c
ellelclal|f|d|Db
fllfle|d|c|b|a

This table does define a group.
The element «a is clearly the identity, as axx =2, and rxa=2.Vr € G

No elements outside of the set G appear in the table. This means that = xy € G,
Vz,y € GG. Hence, the set G is closed under x.

Finally, the identity appears in each row and column, indicating that each element
of GG has an inverse. Furthermore, each right inverse is also the left inverse. (i.e., if
Txy=a,then y*z = a)

In the previous exercise, what is the inverse of d? How do you know?

The inverse of d is b. The element a is the identity, and b« d = a and d x b = a

Compute the remainder of 25 modulo 7 (i.e. 25 =__ (mod7) )

25 =(3)(7)+4, Hence 25=4(mod7)

Compute the remainder of 48 modulo 5 (i.e. 48 = __ (mod5) )

48 = (9) (5) +3, Hence 48 = 3 (mod5)

Compute the remainder of 53 modulo 14 (i.e. 53 = ___ (mod 14))

53 =(3)(14) + 11, Hence 53 = 11 (mod 14)

Determine whether 58 and 75 are congruent modulo 9 (Determine whether 58 =
75 (mod9) )

Method #1 (58 — 75) = =17 # n (9), ¥n € Z. Hence 58 £ 75 (mod 9)
Method #2 58 = (6) (9) + 4, and 75 = (8) (9) + 3

Since 58 and 75 do not have the same remainder when divided by 9, 58 £ 75 (mod 9)



18.

19.

20.

21.

Determine whether 43 and 59 are congruent modulo 16 (Determine whether 43 =
59 (mod9) )

Method #1 (43 —59) = —16 = (1) (16) , 43 = 59 (mod 16)

Method #2 43 = (2) (16) + 11, and 59 = (3) (16) + 11

Since 43 and 59 have the same remainder when divided by 16, 43 = 59 (mod 16)
Compute ged (4, 18)

We will factor both into prime factors

4=2%and 18 =2 3?

Therefore, 2 is the greatest common divisor, or factor (ged (4, 18) = 2)
Compute ged (25, 40)

We will factor both into prime factors

25 =52 and 40 =23-5

Therefore, 5 is the greatest common divisor, or factor (ged (25,40) = 5)
Compute ged (4, 25)

We will factor both into prime factors

4 = 2% and 25 = 5°

4 and 25 have no prime factors in common. Hence, ged (4,25) =1



