MTH 3311 - Practice Test #3 - Solutions
FAaLL 2018

Pat Rossi Name

Show CLEARLY how you arrive at you answers!

1. Find the general solution to the equation 22y” + 5y’ + 4y = 5a* + 3x2
First, find the solution to the complementary equation z%y” + bz’ + 4y = 0
Our strategy is to seek solutions of the form:
y=ux
=y = A}
=y =A(\—1)2*?2
Plugging these into the complementary equation x2y” + 5xy’ + 4y = 0, we have:
AN —1) 222 + 5z ar 1+ 42r =0
= AN —1)z* + 5\ + 422 =0
= AA—-1)+5A+4=0
=N +4\+4=0
= (A+27°=0
= A1 = Ay = —2; (Double Root)
Our complementary solution should be of the form:
Yo = 1M + 2272 = 1072 + cox 2
Oops! c1272 and cyz~2 are not independent solutions - they are the same solution.
To find another independent solution, we multiply by In (z) .

(This is one way in which our approach for Euler Equations differs from our approach
for Equations with Constant Coefficients. With Constant Coefficients, we multiply
one of the terms by x to get another independent solution. With Euler Equations, we
multiply by In (x).)

So our complementary solution is:

Ye =12 2+ coln () 272



Next, we find our particular solution

Since the right hand side of the equation is a linear combination of powers of z, the
Method of Undetermined Coefficients will work. This is another way in which Euler
Equations differ from Equations with Constant Coefficients.

With Equations with Constant Coefficients, The Method of Undetermined Coefficients
works whenever the right hand side is a linear combination of sines and cosines, and/or
exponential functions, and/or polynomials.

With Fuler Equations, The Method of Undetermined Coefficients works whenever the
right hand side is any linear combination of powers of z - and that includes negative
powers of x and fractional powers of x. The Method of Undetermined Coefficients
WILL NOT work if the right hand side contains trig functions or exponentials.

Since the right hand side is 52* + 3:1:%, we guess that the particular solution is a linear
combination of exactly those powers of x that appear on the right hand side of the
equation:

Y= Az* + Baz

1

=y =4A2® + 1Ba 2

3

=y = 12422 — %Bwﬁ

Plugging these in the equation: z%y” + 5zy/ + 4y = 52* + 3z2, we have:

1 ]_ 1 1 1
x2 (12Ax2 — ZB(L’;> + bx (4Aa:3 + §B$2)+ 4<A£L‘4 + Bx§> = 5at + 322
A J/ A > _~
vV vV y

y// y/

= (12A$4 — in%) +5 <4Ax4 + %Bx%> +4 <A334 + Ba:%> — 5t + 322

— 52* + 3x2

NI

= (12+20+4) A" + (-3 + 3 +4) Bz
36A2* + £ Brr = 50 + 3a7
Equating Coefficients of like powers of x, we have:

36A=5=A=2

36

25 . _ 12
TB =3=B= 35
Yp = A$4 + BI% = 35_61:4 + %x%

Our general solution is ¥y = y, + .

12 .1 - —
y=ort+ 222+ 2+ eoln(z)a?



5.4 4 12 1 - -
y=Zu'+Zri+cr?+en(z)r?




2. Find the general solution to the equation z2y” + 5xy’ + 4y = 5o~ 2

From the previous exercise, the complementary solution is:

Ye =12 2+ coln () 272

Since the right hand side of the equation is 52

is Thus, we guess that:

, we guess that our particular solution
yp = Ax™2 Qops! This is one of the independent terms of our complementary
solution.

So, we multiply by In (), which yields:

yp = Aln(z)z~2 Oops! This is the other independent term of our complementary
solution.

What do we do now? You guessed it — multiply by In (z) again! This yields:
yp = A(In (2))* 272

=y =2AIn(2) 2072 - 20734 (In (v))? = 2AIn (v) 27 — 2073 A (In (2))?

ie.,y =2AIn(z) 2z - 2273A (In ()

= y" = 2A127% — 6Az " In (z) + 62 A (In(2))* + 2In (z) 1 (—24273)

ie., v’ =242~* — 6Az*In (z) + 62 *A(In(2))> — 4AIn (z) 2~*

Plugging these into the equation x?y” + 5zy’ + 4y = 5z ~2, we have:

(24272 — 10Az%In (z) + 62724 (In (m))z)—i—(lOA In(x)z™2 —10z72A (In (x))2)+4A (In (z))? z2
= 52

This reduces to: 24z = 5272
=24=5=A=2

Sy = Al (@)22? >y = § (n ()0~

Our general solution is y =y, + y. = 2 (In (2))* 272 + 1272 + co In () 22

Our general solution is y = 2 (In (2))? 272+ crz7% + ey In () 22




3. 2%y" + 5xy + 3y = In (v)
First, find the solution to the complementary equation z2y” + 5z’ 4+ 3y = 0
Our strategy is to seek solutions of the form:
y=ux
=y = !
=y =AA-1)a* 2= (N =\)z 2
Plugging these into the complementary equation z2y” + 5xy’ + 3y = 0, we have:
x? ()\2 — )\) 222 4 5t 4322 =0
= (M =X) 2 +5x* + 324 =0
= (M =X)+5A+3=0
=N 4+40+3=0
= A+1H)(A+3)=0
=\ =—1; A =-3
Our complementary solution is:
Yo = 01:17Al + CQ.T)\Q =cz ! o3
Next, we find our particular solution

Since the right hand side of the equation is not a linear combination of powers of z,
the Method of Undetermined Coefficients will not work. We must use Variation of
Parameters.

Thus, we guess that:

y=A(x)z~ ' + B(x) 23, where the pair {A(z), B (z)} is any pair of functions that
make y = A (z) 7'+ B (z) 273 the general solution to the original differential equation.

This is the first restriction that we impose on the pair {A (z), B (x)}.
We still have on restriction left to impose.

We will now compute the derivatives of y and plug them into the original equation:
2%y" + 5xy + 3y =In (7).

y=A(z)z™' +B(x)z3



y=A@)x'—A@)z >+ B (z)z*-3B(z)z™*

We now impose our second restriction: A’ (z) 2!+ B’ (z)273 =0
This results in:

=y =—-A(x)z2-3B(z)z*

=y’ =—-A(r)r 2+ 24 (x) 23 =3B (z) ™ + 12B (z) x~°

To find A (z) and B (x) we plugy, v, y"into the original equation, z%y” + 5zy’ + 3y =

In(z).

This yields:

22y = —A(x) +2A(x)z™! -3B'(x)x™% +12B(z)ax~3
+5zy’ = —5A (z)x! —15B (z) 273
+3y = +3A (z) 27! +3B (z) 73

2y’ + 51y +3y = —A(x) —3B (x)x™? =1In(z)

ie, —A'(z) =3B (z)x?>=In(z) (Eq. 1)

To eliminate one of the unknown functions, we rely on our second restriction: A’ (z) z~ '+
B (x)z2=0

= A'(z)+ B (z)z72=0

= A (z)=-B'(z)z* (Eq. 2)
= —A'(z) =B (x) 27?2

Plugging this into (Eq. 1), we have:
B (x)x™2 —3B' () 272 = In(2)

= —2B'(z) 272 = In(2)

= B'(z) = —32°In(z) (Eq. 3)

:>B(x):—%fﬁln(:c)dx:—%fli@\xldx:—% [uv — [ vdu]

u dv

= L) (5) + 3 (20%) (1) o
= L) + 1 [ e = Lt (0) + 5t 4 G

ie, B(z)=—32%In(x) + 52° + Cs



To find A’ (z), recall, that from (Eq. 3), B’ (z) = —32%In ()
Plugging this into (Eq. 2), we have:

A (z) = 32%In(2) 2% = ;In ()

= A(z) =3 [In(z)dz = 5 (zIn(z) — z) + C4
ie, A(z) =izln(z) — 32 + Cs
The solution to the original equation is:
y=A(x)z ' +B(z)a?
= (3zIn(z) — o+ C5) a7t + (—g2* In () + 52° + Cy) 273

=iln(z) — 34+ Csz7 ! — gln(z) + & + Csz 8

= %111 (x) — ;71 + Csz~ ! + Cyz~3

The solution to the original equation is: y; = 3 In (z) — § + Csz ™" + Csz ™3




