MTH 4441 Homework Exercises #1
FALL 2024

Pat Rossi Name

1. In each case below, determine whether * is a closed binary operation on the given set.
If it IS a closed binary operation, then determine whether it is commutative and/or
associative.

(a) (Z,*) where a*b=a+ b?
IS a closed binary operation on Z
NOT commutative. Given a #b, axb=a+ > #b+a*=bx*a
For example: 1%2=1+22=5#3=2+12=2x1
ie, 1x2£2x%x1
NOT associative.
(axb)xc=(a+b)*xc=(a+V?)+E=a+b+c
ax(bxc)=ax b+ =a+(b+)?=a+b+2b+ c*

(axb)xc#ax*(bxc)=a+b*+

For example: (1x2)x3=1+22+3%=14
Whereas: 1% (2%3) =1+2242(2)(3)” +3* =122
le, (1%2)%3#1%(2%3)

(b) (Z,*) where a x b = a?b?
IS a closed binary operation on Z
NOT commutative. Given a # b, a * b = a?b® # b*a® = bx*a
NOT associative.
(a*b)*c=ab®xc=(a2h®)’ 3 = a*bSc?
ax(bxc)=axb*® = a2 (b%3)® = a5
(axb)*xc#ax(bxc)

(¢) (R,*) where a*b= 3

NOT a closed binary operation on Z (e.g., 0 % 0 is undefined, and hence, 0 0 is
not assigned an element of R)



(d) (Z,*) where a*b= %

NOT a closed binary operation on Z (e.g., 0 % 0 is undefined, and hence, 0 * 0 is
not assigned an element of Z)

(e) (Z,*) where axb=a+b—ab
IS a closed binary operation on Z
IS Commutative: axb=a+b—-ab=b+a—ba=bx*a
ie,axb=bxa
IS Associative:
(axb)xc=(a+b—ab)*xc=(a+b—ab)+c—(a+b—ab)c
=(a+b—ab)+c—ac—bc+abc=a+b+c—ab— ac— bc+ abe
ax(bxc)=ax(b+c—bc)=a+ (b+c—bc)—a(b+c—bc)
=a+b+c—bc—ab—ac+ abc=a+ b+ c—ab— ac— bc+ abc
e, (axb)xc=ax(bx*c)
(f) (R,*) where axb =10
IS a closed binary operation on Z
Is NOT Commutative: Given a # b, axb=b#a=0bx*a
ie,axb#bxa
IS Associative:
(axb)xc=bxc=c
ax(bxc)=axc=c
e, (axb)xc=ax(bx*c)
(g) (S,*) where S ={—4,-2,1,2,3}, and a* b = |b|

Is NOT a closed binary operation on S. (e.g., 1 % (—4) = |4] = 4, and hence,
1 % (—4) is not assigned an element of 5)

(h) ({1,2,3,6,18}, %) where a x b = ab

NOT a closed binary operation on Z (6 x6 = 36 ¢ {1,2,3,6,18}. Hence. the
operation is not closed on the set)



(i) ({ [ CCL Z } ta,b,e.d e ]R} ,*) where * is matrix addition

IS a closed binary operation on Z

IS Commutative: Given A = | “* 2 i B = bi by , we have:
as a4 bs by
o a1+b1 a2+b2 - bl+a1 b2+a2 .
A+B_lag—|—b3 a4+b4:|_lb3+&3 b4+a4]_B+A

ie,A+B=B+A

IS Associative: Given A = | 91 2 ;B = bi by ;O = “a , we have:
as Qy bg b4 C3 C4

- a1+b1 a2+b2 C1 Co o (a1+b1)+61 (G2+b2)+62
<A+B)+C_|:a3+b3 a4+b4] |:63 C4:|_|:<a3—|—b3)+03 (a4—l—b4)—l—c4

. a1+(b1+61) a2+(b2+02) . a1 as bl+61 b2+02
o as + (bg + 63) a4 + (b4 + C4> N as Qay b3 + c3 b4 + C4

— A+ (B+0C)
i, (A+B)+C=A+(B+C)



