Formulas You Should Memorize (and I do mean Memorize!)
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Formulas From Calculus

1. L [sin ()] = cos (z)

2. & [cos ()] = —sin ()

3. & [tan (2)] = sec? (x)

4. L feot (z)] = —ese? (x)

5. - [sec (z)] = sec (v) tan (z)
6. L [csc (z)] = — csc (x) cot (z)

Remark 1 Note that if you know the derivatives of sin (z), tan (x), and sec (x), then
the derivatives of the corresponding “co-functions” cos (x), cot(x), and csc(x) are

found by:

(a) Changing the sign, and

(b) Replacing each factor of the derivative with its co-function.
Ezample 1 - [sec ()] = sec (z) tan (z) => =L [esc(z)] = — csc () cot (z)

7. [sin(z) dv = —cos(z) +C

8. [cos(z) dz =sin(z) +C

9. [tan(z) dr = Infsec (¢)] + C = —Incos (z)| + C
10. [cot (z) de =1Inlsin(z)] + C

11. [sec(z) dx = In|sec (z) + tan (z)| + C
12. [ esc(z) dz = Inlesc (z) — cot (z)] + C
13. [sec? (z) dz = tan (z) + C

14. [esc? (z) do = —cot (z) +C

15. [sec(z)tan (z) dv = sec(z) + C

16. [ csc(z)cot (z) dv = —csc(z) +C
7. e = o

18. Ln(u) =149

dx



19.
20.

=)

21.
22.
23.

24.

25.

26.

27.

28.

29.

30.

31.

[etdu=e" +C
[idu=Inlu|l +C
Jultdu=Inlu| +C

JIn(u) du =uln(u) —u+C

£ o 0] = o 2
AL cos™! (u)] = —\/11_7 du
L ftan™ (u)] = 7z - 2

i [cot™ ()] = - @

£ e (u)] = oy - 2
g lese™H (u)] = -

Remark 2 Note that if you know the derivatives of the inverse trig functions sin™* (),
tan~! (z), and sec™! (x), the derivatives of the corresponding inverse “co-functions” can
be found by changing the sign.

f \/ﬁdu = Sinil (%) -+ C
[ s du = Hran! (2) +C

1l —— F;fcﬂ du = +sec™ (lu‘) +C

Essential Trigonometric Identities

32.
33.
34.

35.

36.

37.

38.

39.
40.

sin? (z) + cos? (1) = 1
tan? (z) + 1 = sec? ()
cot? (z) + 1 = csc? ()

Remark 3 Identities 32-34 are the so-called “Pythagorean Identities”.

tan (z) = iiféﬁf;)) = cotl(x)

cot () = Zf’ﬁ((i)) = tanl(x)

sec (z) = COSI(I)

cse (x) = sinl(a;)

sin (2z) = 2sin (z) cos (z)

cos (21) = cos? (z) — sin” (z) = 1 — 2sin? (x) = 2cos? (z) — 1



Right Triangle Trig.

WY Omp

Ad

41. sin (0) = 2

42. cos () = 24

" hyp

43. tan (0) = 3%

44. cot (9) = 24

opp

45. sec (0) = I;Ldg’

46. csc () = e

opp

Logs and Exponential Functions
47. In (zy) = In (z) + In (y)
(a) log, (zy) = log, (x) + log, (y)
48. In (g) —In(z) — In(y)
(a) log, (%) = log, (x) — log, (y)
49. In(z") = n - In (z)
(a) log, (x") = n -log, ()
50. In (e*) = =
(a) log, (a”) =z
51. @ =g

(a) @' = g



52. In(e) = 1
(a) log, (a) =1
53. In(1) =0
(a) log, (1) =0
54. lim,_.00 In (z) = 00

(a) lim, . log, (x) = 00

55. lim, o+ In(2) = —oc0
(a) lim, o+ log, () = —oc0
-
y

1+
0
1+

y=In(z)_ "

56. e*TY = eTe¥

H7. & =¥V

58. (e¥)" = ™



59. lim, , ¥ = o
(a) lim, o a* = 00
60. lim,_,_e* =0

(a) lim, , o a® =0

xT

y=e

61. lim, o (1 +2)* = e

62. lim,_o (1 + kx)> = e*

8|~

—_= eik‘

(a) lim, o (1 — k)
63. lim, o (1+21)" =
64. lim, oo (1+2)" = ek

(a) lim, oo (1 — f)x =e®

Remark 4 Note that 62.a and 64.a can be obtained easily from 62 and 64 respectively, by
“plugging in” —k in place of k.

65. (zy)" = ™y
66. () ==
y v

Calculus of General Logs and Exponentials

67. L [a*] =In(a)-a”

68. L[a"] =In(a)-a*- 2

69.fa“du: L_quv 4O

In(a)

70. L [log, (z)] = ln%a) 1

1. i log, (W] =y 3 T



By-Passing U-Substitution, Given Simple Composite Func-
tions

Suppose that F'(x) is an anti-derivative of f (z). (i.e., suppose that [ f (z)dz = F (z)+C)

Then if k£ and ¢ are constants, the following general principles hold:
1 1
/f(kx)dx:EF(k:x)—I—C’ and /f(k’x—l—c)dx:EF(k:quc)qLC’)

Some Cases in Point:

[ sin (kx) do = —4 cos (kz) + C

[ sin (kx + ¢)dx = —4 cos (kz +¢) + C
[ cos (kz) dz = 1 sin (kz) + C

[ cos (kx + ¢)dx = ¢sin(kz +¢) + C
[erde = zekr + C

[ ebtedy = Lekete 4 ¢

[ de = ;In(kz) +C
[ode=1ln(kz+c)+C

kxz+c

Series and Sums

Finite Series

i —pn+1 o e . . . .
72. Y yri-a=1"—  Finite Geometric Series with ratio r.

73. Y0 (ki +a) = (a1 + as) Arithmetic Series with common difference k.

n k
T4 Y ai =0+ E?:kJrl Qi

Infinite Series

75. If >~ | a, converges, then a,, — 0. Conversely, if a,, does not go to 0, then the series
must diverge.

76. Y t=1+i+5+3+...+2+... isthe Harmonic Series. It diverges.

n=1

77. The series:

S —1ntt _1\n+1
(a) En:1(li :1—%+%—;11+...+—( 17)1 +... and
(b) S, G =14+ 5

are Alternating Harmonic Series. These series converge.



78.

79.

S or"a=a+ra+rla+rPa+...+r"a+... is the Geometric Series with
ratio r.

(a) If |r| < 1, the series converges, and the sum is given by ﬁ”{#
(b) If |r| > 1, the series diverges.
The series:
(a) fozl (_1)n+1 ap =01 —ag +ag—aqg+...+ (_1)n+1 ap + ... and
(b) Zzo:l (-1D)"a,=—-a1+ay—az+ag— ...+ (—1)”Jrl ap + . .. where:
1. a, >0
2 Qn Z An41
3. lim,, . a,=0
are Alternating Series. They converge. Also:
00 k
oD ey =Y ()" | < Jagl
n=1 n=1

(A similar statement can be made for > >, (—1)" a,)

80. Direct Comparison Test Let 220:1 a, and Zzozl b, be such that a, and b, are

81.

82.

non-negative for all but finitely many terms.

(a) If a,, < b, for all but finitely many terms and >~ b, converges, then > >  a,
converges also.

(b) If a, < b, for all but finitely many terms and -, a, diverges, then > > b,
diverges also.

(c) If a, <b, and )~ a, converges, this tells us nothing about >~ b,.
(d) If a, < b, and >~ b, diverges, this tells us nothing about > | a,.

Limit Comparison Test Let Y >, a, and Y, b, be such that a, and b, are non-
negative for all but finitely many terms.

(a) If lim, . 3* = ¢, where ¢ is non-zero and finite (i.e. 0 < ¢ < o), then both
> a, and Y2 b, converge, or both diverge.

(b) If lim,, 0o Z—: =0 or if lim,, ‘;—: = 00, we can conclude nothing. In this case, we

have made a poor choice for comparison. Choose another series for comparison.
p-series The series Y >~ # where p is a positive constant, is the p-series. This series
converges if p > 1 and diverges if p < 1.



83. Ratio Test Consider ) " | a,.

n=1

(a) If lim, o | ™| < 1, the series Y ° | a, converges.

an

(b) If lim, o |*=| > 1, the series >~ a, diverges.

an

(c) If lim,, o || = 1, the Ratio Test is inconclusive.

an

84. The Integral Test Let >~  a, be such that a, is non-negative for all but finitely
many terms. If:

(a) f(x)isa continuous function on the interval [1, o), with the property that f (n) =
a, forn=1,2,3,... and

(b) f (x) is decreasing on [1, 00),
then either both ">  a, and ff f (z) dx converge, or they both diverge.
85. The n'® Root Test Consider Y 7 a,.

(a) If lim, o {/|an| < 1, then series >~ ° | a, converges.
(b) If lim, . {/|a,| > 1, then series >~  a, diverges.
(c) If lim, . {/]a,| = 1, then the n'™ Root Test is inconclusive.

86. The series >~ &(,’”0) (x — )" is the Taylor Series of f (x) with center zo. Here,
S (20) n
f(f)IZT(fU—SCO)
n=0

Some Well-Known Taylor Series

87. " =Y T =1ta+ T+ 4.+ 2 forall o

88. In(l+2) =300 (—1)"Tr = -2+ 2 — 4 (=1)"Z2 4. for o] < 1
. 00 nx2"1 $3 1135 nxin

89. sin(x) =Y °,(—1) (2n—++1)!:x—§+§—...+(—1) @n—le)!—l—...forallm.

90. cos (#) = > ooty (1) Gy =1 =5+ 5 — ..+ (=) &y + .. for all .

91. L:Z;’lozox”:1+1:+x2—|—x3+...+x"+... for |:U|<1.



