Pat Rossi

MTH 3311 Test #1 - Solutions
SPRING 2020

Name

Show CLEARLY how you arrive at your answers.

1. Classify the following according to order and linearity. If an equation is not linear, explain why.

(a)

y" + 2?yy’ = sin (x) order 2, non-linear.

The highest order of derivative of y is 2. (y” is the second derivative of y.) Since y and y’ are
factors of the same term, the equation is non-linear.

y®) + 22y — 2zy = 322 + 2z order 5, linear.

The highest order of the derivative of y is 5 (y(®) is the fifth derivative of y.) Note that y and its
derivatives are all raised to the 15 power, no derivative of y is a “co-factor” of y or any other
derivative of y, and neither y nor any of its derivatives are the “inner function” of a composite
function.

ey — 3xy’ + 22%y = tan (x) order 3, linear.

The highest order of the derivative of y is 3 (y"’ is the third derivative of y.) Note that y and its
derivatives are all raised to the 15 power, no derivative of y is a “co-factor” of y or any other
derivative of y, and neither y nor any of its derivatives are the “inner function” of a composite
function.

y" 4+ 2zy” + i =6z —6 order 3, non-linear.

The highest order of derivative of y is 3. (y"” is the third derivative of y.) Since y is raised to a
power other than 1 ( % is the same as y~!) the equation is non-linear.

y®) — " + dxy = = order 3, linear.

The highest order of the derivative of y is 3. We can rewrite the equation in the form:

. dy T
Dy® +(-1)y" +0- == + (4z) -y = ———
u%_/ + in + dx + (i),_g 2 +1
as(z)y""’ az(z)y”’ a1 (x)y’ ao(@)y F(x)

y and its derivatives are all raised to the 15* power, no derivative of y is a “co-factor” of y or
any other derivative of y, and neither y nor any of its derivatives are the “inner function” of a
composite function.



2. Show that the function y = cie® + cpe™2® + 322 + 2z is a solution of the differential equation
' +y —2y=—62%+2x+8

Observe:

y=rce*+ coe™ 2 4 322 4 22
Yy = cre” — 2c0e" %" + 62+ 2
Yy =c1e® +4coe 2 4+ 6

Plugging these into the expression y” + 3’ — 2y, we have:
y' +y -2y = (cle‘” +4dcoe™2 4 6) + (cle‘” — 2c9e™ %% 4+ 62 + 2) -2 (cle’” + e 4322 4+ 23@)

=(c1+c1—2c1)e® + (deg — 2c2 —2¢3) e 2% + (6 +2) + (6 —4) z — 62% = —622 + 22 + 8
ie., vy’ +y —2y=—62%+22+38
Hence, y = c1€® + cae 2% + 322 + 27 is a solution of the equation:

y'+y —2y=—62%+22+8



3. Solve: vuz? — 16% = 55 subject to the initial condition y (5) = 2 (Assume that = > 4,y > 0)

Use the “Separation of Variables” Method

d d
Va? — 163 = 5 = 5t = = = dy = pde

ie., 2ydy = (2* — 16)7% zdx

The variables are separated, now integrate!

[ 2ydy = [ (2* - 16)7% zdx

U = 22-16
du
du = 2xdr
%du = xdx
_1 1 1
= [2ydy = [ (z* — 16) Qxdz:fu’%%duzéfu’%duzé%%—c:u%+C=(x2—16)2—|—0
h,—/v (5)

11,
B sdu

u

[N

ie., y? = (Jc2 — 16)% +C

To find C, we refer to the initial condition: y (5) = 2

= (2" = (5" - 16)% +C

=4=97+C
=4=3+C
=C=1

o=

=y?=(22-16)% +1

Nl=

=|y?—1= (22— 16)

(=1 = ((2-10)*)

=yt -2y +1=22-16

=| yt —2y% — 22 =17




4. Solve: (332 + 1) j—g + 3zy = 6, using the “Integrating Factor” Method
1. Re-write the equation in the form: % +P(z)y=0Q ()

dz T+ 2417 211
~—— ~——
P(x) Q(x)

2. Compute the integrating factor:

ef P(x)dx _ ef mgildl’ — ef m21+13xdx

Scratchwork:

3
2

/= v de=[13du=3[ldu=3Imlul=3In|z? +1|=3In(2?+1) =In (a® + 1)

u

End of Scratchwork

wleo

3 1 3
eJ Pl@)dr — e'[ e e'f Zadede _ eln(zzﬂ) = (:C2 + 1) ’

3. Multiply both sides by the integrating factor

(@2 +1)F 2+ (024 1)F sy = (24 1) 585
= (x2+1)% dy (x2+1)%3xy: (x2+1)%6x

4. Express the left hand side as the derivative of a product

3 d 1 1
(x2+1)g diz +;(2+1)%(2x)y :(x2+1)§6z
he ~~ —0
2nd prime 15t prime

=A@+t =@ +1) e
5. Integrate both sides w.r.t. x.
- {(xQ + 1)% y} de = [ (2® + 1)% 6xdx

3 3
2

:>(x2+1)§y:f(xQ—l—l)%\b’zfjdm:fu%3du:3fu%du:3%+C:2u%+C:2(x2+1) +C
u% 3du
ie., (x2—|—1)%y:2(x2+1)%+0

6. Solve for y

éy:2+0(x2+1)7%

_s
Our solution is y =24 C (22 + 1) 2




5. Determine whether or not the equation is exact. If the equation is exact, solve it.
(2e%* 4 152%y?) dz + (102%y + sin (y)) dy = 0
This equation can be analyzed as:

<2€2x + 153@2.7J2)d96 + (109533/ + sin (y))dy =0

M(z,y) N(z,y)
By convention, we let M (x,y) be the co-factor of dz and we let N (z,y) be the co-factor of dy.

ie., M (x,y) = 2e* + 152%y? and N (x,y) = 1023y + sin (y)

OM __ ON

If the Differential equation is exact, then 5y = o2

. OM __ 2, _ ON
Check: Ty = 30z Yy = D

Thus, the equation IS exact, and there exists a function U (z,y) such that the equation U (z,y) = C
relates the solution y implicitly as a function of x.

To find U (z,y) , we compute the integrals [ M (z,y) dz and [ N (z,y)dy.
Ul(z,y) = [ M (z,y)de = [ (2¢** + 152%y?) dow = ** + 5z3y? + f (y) + C
U(z,y) = [N (z,y)dy = [ (102%y +sin (y)) dy = 52°y* — cos (y) + g (v) + C

To find the unknown functions f (y) and g (x), we compare [ M (z,y)dz and [ N (z,y) dy.

U(z,y) = 5% + €* + (—cos(y) + C
T T T
Ulz,y) = 5% + g + fly) + C

Thus, f (y) = —cos (y) and g (z) = 2%, and U (z,y) = 523y + €2* — cos (y) + C

Our solution y = y (x) is given implicitly by the equation U (z,y) = C

523y? + €2¢ — cos (y) = C




6. Solve: Qxy% = 4z? + 3y? using the substitution v = £. (Assume that z,y > 0)
Re-express this in the form: % =f (%)

20y = 4a? + 3y°

2

Thus, we have re-expressed the equation in the form: % =f (%)

— Y (3 — dy _ dv
let v="2 (ie,y=vr)= F =v+a5

Substituting into Eq. 1, we have:

v+29 =214 34 Now Separate!

dv _91 4 3, . 2 v _ 4 4 o2 _ 0’44
:>.’L‘%—2U+2’U v_v+2_2v+2v_ 2v

dv _ v344
de — 2w

ie., x

2v 1
= v2+4dv = Idm

Now Integrate!

= [ v2214dv =[ldz=In(v?+4)=In(z)+C = n(v?+4) = eln(@)+C

= 'U2 +4 = eln(x)ec = ,02 44 = Clx
Substituting £ for v, we have:
= (%)2+4201x:> Z;Tz"‘4:015€=>y2-|-4£102 =Ca?

Our solution y is given implicitly by the equation:

y? + 422 = C12°




