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Proofs to Know for the Test

Prove or Disprove: (Q,+) is a cyclic group

This is False.

pf/ Suppose, for the sake of deriving a contradiction, that (Q, +) IS cyclic.

Then 3 a,b € Z such that (2) = (Q,+)

This means that every positive rational number must be of the form n (%) , for some n € Z.
What about the rational number 5 ?

Since ¢ generates Q, £ = n (%), for some n € Z.

But n (%) = & = n = 1. contradicting the fact that n € Z.

Since this contradiction is a consequence of our assumption that (Q,+) is cyclic, the as-
sumption must be false.

Hence, (Q,+) is NOT cyclic R
Prove or Disprove: (R,+) is a cyclic group
This is False.

pf/ If (R, +) were a cyclic group, then (Q,+) would be cyclic also, since every subgroup of
a cyclic group is cyclic also.

But (Q,+) is NOT cyclic.
Hence, (R, +) is not cyclic. W
Prove: (R,+) = (RY,")
pf/ We claim that: f:R — RY, given by f (z) = € is our isomorphism.
Note that f~': RT — R, given by f~! (z) = In (z), is the inverse of f
(fof™):RT — R* is such that (fo f1) = 1+
and
(f'of):R— Rissuchthat (f 1o f)=1g
Hence, f : R — R, given by f () = €® is one to one and onto.

To show that f is an isomorphism and that (R, +) and (R¥,-) isomorphic, we need to show

that: f(r1+7re) = f(r1) - f(r2)



Observe: f(ri+1mg) =€t =€ . e = f(r)) - f(ry)
Hence, (R, +) and (R*, ) are isomorphic B

Ex Show that (R*,-) 2 (R,+) by showing that g : R* — R, given by g (z) = In (z) is an
isomorphism.

Note that g7 : R — R*, given by g7 (2) = €?, is the inverse of g
(gog™') : R — Ris such that (gog7?) = Iy
and
(g7t o g) : R* — R* is such that (g7 0 g) = Ig+
Hence, g : RT — R, given by g (z) = In (z) is one to one and onto.

To show that f is an isomorphism and that (R,-) and (R, +) isomorphic, we need to show
that:

g(ri-re) =g(r1) +g(ra)
Observe: g(ry-ro) =In(ry-ry) =In(r1) +1In(ry) = g(r1) - g (ra)
Hence, (R, ) and (R, +) are isomorphic B
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